Economic production quantity (EPQ) inventory model for trended demand has been analyzed with rework facility and stochastic preventive machine time. Due to the complexity of the model, search method is proposed to determine the best optimal solution. A numerical example and sensitivity analysis are carried out to validate the proposed model. From the sensitivity analysis, it is observed that the rate of change of demand has significant impact on the optimal inventory cost. The model is very sensitive to the production and demand rate.
Introduction
An item that does not satisfy quality standards but can be attained after reprocess is termed as a recoverable item and the process is known as rework. It is observed that in an industrial sector, the rework reduced production cost and maintained quality standard of the item. Schrady [1] debated rework process. Khouja [2] formulated an economic lot-size and shipment policy by incorporating a fraction of defective items and direct rework. Koh et al. [3] and Dobos and Richter [4] discussed two production policies with options to order new products externally or recover old products. Chiu et al. [5] analyzed an imperfect rework process for EPQ model with repairable and scrapped items. Jamal et al. [6] advocated the policy for rework of defective items in the same cycle which was extended by Cárdenas-Barrón [7] . Widyadana and Wee [8] gave an analysis of these problems using an algebraic approach. Chiu [9] and Chiu et al. [10] discussed EPQ model by allowing shortages and considering service level constraint. Yoo et al. [11] discussed an EPQ model with imperfect production quality, imperfect inspection, and rework.
Meller and Kim [12] , Sheu and Chen [13] and Tsou and Chen [14] studied Variants of EPQ model with preventive maintenance. Abboud et al. [15] analyzed an economic order quantity model by considering machine unavailability owing to preventive maintenance and shortage. Chung et al. [16] extended the previous model to compute an economic production quantity for deteriorating inventory model with stochastic machine unavailable time and shortage. Wee and Widyadana [17] revisited the previous model incorporating rework.
In this paper, we analyze an economic production quantity (EPQ) model with rework and random preventive maintenance time together when demand is increasing function of time. The consideration of random preventive maintenance time, rework, and trended demand in the model increases its applicability in the electronic and automobile industries. In this production system, produced items are inspected immediately. Defective items are stocked and reworked at the end of the production uptime. We will call these items as recoverable items. Out of these recoverable items, the fraction of the items will be labeled as "new" and rest will be scrapped. Preventive maintenance is performed at the end of the rework process, and the maintenance time is assumed to be random. When demand is increasing, shortages may occur which will be treated as lost sales in this study. It is observed that the rate of change of demand has significant impact on the optimal 2 ISRN Operations Research inventory cost. It is suggested that when demand is trended, preventive maintenance time should be controlled by recruiting well-qualified technicians. The uniform distribution and exponential distribution for preventive maintenance time are explored. The paper is organized as follows: Section 2 is about the mathematical development of the proposed problem. In Section 3, example and sensitivity are given. Conclusions are highlighted in Section 4.
Mathematical Model
Assumptions.
(1) The inventory system under consideration deals with single item. (2) Standard quality items must be greater than the demand. (3) The production and rework rates are constant. (4) The demand rate, ( ) = (1 + ), is increasing function of time, where > 0 is scale demand and 0 < < 1 denotes the rate of change of demand. (5) Setup cost for rework process is zero or negligible. (6) Recoverable items are spawned during the production uptime, and scrapped items are produced during the rework uptime.
The status of the serviceable inventory is depicted in Figure 1 . Production occurs during [0, 1 ]. In phase defective items per unit time are to be reworked. The rework process starts at the end of the predetermined production uptime. The rework time ends at 3 time period. The different production processes of the material and defective items result in different product rates. During the rework, some rejected and scrapped items will occur. LIFO policy is assumed for the production system. So, serviceable items during the rework uptime are utilized before the fresh items from the production in uptime. The new production run is started when the inventory level reaches zero at the end of 2 time period. It may happen that the production may not start at 2 time period because unavailability of the machine is randomly distributed with a probability density function ( ). The nonavailability of machine may result in shortage during 3 time period. The production will resume after the 3 time period.
From the above description, the inventory level in a production uptime period is governed by the differential equation
The inventory level in a rework uptime is
The inventory level in a production downtime is
The inventory level in a rework downtime is
Under the assumption of LIFO production system, the inventory level of good items depletes at a constant rate during rework uptime and downtime. The inventory level is governed by
Using 1 (0) = 0, the solution of (1) is
which is the inventory level during [0, 1 ]. Hence, the total inventory in a production uptime is
Using 3 (0) = 0, 4 (0) = 0, the total inventory of serviceable items for the rework uptime and rework downtime is
respectively. Using 2 ( 2 ) = 0, the total inventory level of a production downtime is
The maximum inventory is
and hence, the total inventory in a rework uptime is
Now, let us analyze the inventory level of recoverable items (Figure 2) .
The inventory level of recoverable items in a production uptime is governed by the differential equation
Since initially there are no recoverable items, that is, 1 (0) = 0, the solution of (12) is Hence, the total inventory of recoverable items in a production uptime is
and the maximum recoverable inventory is
The inventory level of recoverable item in the rework uptime is modeled as
Using 3 ( 3 ) = 0, the inventory level of recoverable item in rework uptime is
Hence, the total inventory of recoverable item in the rework uptime is
The number of recoverable inventories is
Hence,
Substituting from (15), we get
Hence, the total recoverable inventory is
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The inventory level at the beginning of the production downtime is equal to the inventory level at the end of the production uptime; that is,
Therefore,
When 3 = 3 and 4 = 0, the inventory level for serviceable item in rework process satisfies
Neglecting 2 4 (because 0 < 4 < 1), we get
The total production inventory cost is the sum of the production set up cost, inventory cost of serviceable item, inventory cost of recoverable item, and scrap cost:
and the total cycle time is
Hence, the total cost per unit time without lost sales is given by
The optimal production uptime for the EPQ system without lost sales can be obtained by setting
When unavailability time of a machine is longer than the production downtime duration, lost sales will occur. So the total inventory cost is
and the total cycle time for lost sales is
Hence, the total cost per unit time for lost sales is
We discuss lost sales scenario for two distributions, namely uniform distribution and exponential distribution.
Uniform Distribution.
Define the probability distribution function ( ), when the preventive maintenance time is distributed uniformly as follows:
Substituting ( ) in (33) gives the total cost per unit time for uniform distribution as
substituting all the time variables in (35) in terms of 1 , the objective function; is a function of 1 only. The optimum value of 1 can be computed by setting
To derive the best solution from nonlost sales and lost sales scenarios, we propose the following steps [17] .
Step 1. Calculate (30), (24), and (26) and set sb = 2 + 4 .
Step 2. If sb < , then the obtained solution is not feasible, and go to Step 3; otherwise the solution is obtained.
Step 3. Set sb = . Find 1aub using (26) and (24). Calculate NL ( 1aub ) using (29).
Step 4. Calculate (36), (24), and (26) and set sb = 2 + 4 .
Step 5. If sb ≥ , then * 1 = 1aub and the corresponding total cost is NL ( 1aub ); otherwise, calculate ( 1 ).
Step 6. If NL ( 1aub ) ≤ ( 1 ), then * 1
Exponential Distribution.
Define the probability distribution function ( ), when the preventive maintenance time is distributed exponential with mean 1/ as Here, the total cost per unit time for the lost sale is Arguing as in (Section 2.1), we can obtain optimum total cost. The high nonlinearity of the cost functions (29), (35), and (38) does not guarantee that the optimal solution is global. However, using parametric values, convexity of the objective function is established. . Using the solution procedure outlined, the optimal production uptime is 1 = 41.5 days and the corresponding minimum total cost per unit time is = $2575. This establishes that some lost sales reduce the total cost per unit time. The convexity of is established in Figure 3 .
Numerical Examples and Sensitivity Analysis
The sensitivity analysis is carried out by changing each of the parameters by −40%, −20%, +20%, and +40%. The optimal production uptime 1 and the optimal total cost per unit time for inventory parameters under consideration are shown in Table 1 .
Figures 4 and 6 depict sensitivity analysis of production uptime, 1 , with respect to all the inventory parameters considered in the modeling when preventive maintenance time follows uniform distribution/exponential distribution. It is observed that production uptime is slightly sensitive to changes in and and moderately sensitive to changes in and , with little impact due to changes in the other inventory parameters. 1 has negative impact with the increase in the production rate, , and positive impact when scale demand, , and rate of demand, , increase. The optimal total cost per unit time is slightly sensitive to changes in , , , and and moderately sensitive to changes in , , , , 1 , and S . No change is observed in the optimal total cost per unit time for the remaining inventory parameters. The optimal total cost per unit time is inversely related to and 1 and directly related to other inventory parameters (see Figures 5 and 7 ).
Conclusions
In this research, rework of imperfect quality and random preventive maintenance time are incorporated in economic production quantity model when demand increases with time. The random preventive maintenance time is distributed uniformly and exponentially. The models are validated by the example. The sensitivity analysis suggests that the optimal total cost per unit time is sensitive to changes in the production rate, the demand rate, and the product defect rate in both the uniform and the exponential distributed preventive maintenance time. To combat increasing demand, the management should adopt the latest machinery which decreases defective production rate, reducing rework, and as a consequence, the machine's production uptime can be utilized to its utmost. Further research can be carried out to study the effect of deterioration of units. 
